Abstract. In this paper, by means of the concept of the working set, which is an estimate of the active set, we propose a feasible sequential linear equation algorithm for solving inequality constrained optimization problems. At each iteration of the proposed algorithm, we first solve one system of linear equations with a coefficient matrix of size m × m (where m is the number of constraints) to compute the working set; we then solve a subproblem which consists of four reduced systems of linear equations with a common coefficient matrix. Unlike existing QP-free algorithms, the subproblem is concerned with only the constraints corresponding to the working set. The constraints not in the working set are neglected. Consequently, the dimension of each subproblem is not of full dimension. Without assuming the isolatedness of the stationary points, we prove that every accumulation point of the sequence generated by the proposed algorithm is a KKT point of the problem. Moreover, after finitely many iterations, the working set becomes independent of the iterates and is essentially the same as the active set of the KKT point. In other words, after finitely many steps, only those constraints which are active at the solution will be involved in the subproblem. Under some additional conditions, we show that the convergence rate is two-step superlinear or even Q-superlinear. We also report some preliminary numerical experiments to show that the proposed algorithm is practicable and effective for the test problems.
Introduction.
We consider the nonlinear inequality constrained optimization problem
where f : R n → R and g : R n → R m are assumed to be twice continuously differentiable. We denote by
the feasible set of problem (P). The Lagrangian function associated with problem (P) is defined by
L(x, λ) = f (x) + λ T g(x).
A pair (x * , λ * ) ∈ R n×m is called a KKT point or a KKT pair of problem (P) if it satisfies the following KKT conditions: Sometimes, we also call the point x * satisfying (1.1) a KKT point of problem (P). If (x * , λ * ) satisfies all conditions in (1.1) except for the inequality λ * ≥ 0, we call the point x * a stationary point of problem (P). Throughout the paper, we assume that the following blanket hypotheses hold. Assumption A1. The set F is bounded. Assumption A2. At every x ∈ F, the vectors ∇g i (x), i ∈ I 0 (x), are linearly independent, where I 0 (x) := {i ∈ I | g i (x) = 0}.
Note that Assumption A1 is often substituted by the assumption that the level sets of the objective function of some unconstrained optimization problem are compact or the sequence of points generated by the algorithm is bounded, while Assumption A2 is a common assumption in dealing with the global convergence of most algorithms for solving problem (P).
The sequential quadratic programming (SQP) methods are a class of efficient methods for solving nonlinearly constrained optimization problems. They have received much attention in recent decades. We refer to a review paper [2] for a good survey on SQP methods.
The iterative process of a typical SQP method is as follows. Let the current iterate be x k . Compute a search direction d k by solving the following quadratic program (QP):
where H k ∈ R n×n is symmetric positive definite. Perform a line search to determine a steplength t k and let the next iterate be x k+1 = x k + t k d k . SQP methods possess global and superlinear convergence properties under certain conditions. However, in a traditional SQP method, the QP subproblem (1.3) may be inconsistent; that is, the feasible set of (1.3) may be empty. To overcome this shortcoming, various techniques have been proposed; see, e.g., [6, 18, 21, 24, 25, 29, 31] . In particular, Panier and Tits [21] presented a feasible SQP (FSQP) algorithm in which the generated iterates lie in the feasible region F. Under certain conditions, this FSQP algorithm is globally convergent and locally two-step superlinearly convergent. Further study on FSQP algorithms can be found in [17, 22, 27, 28] .
FSQP methods are particularly useful for solving those problems arising from engineering design where the objective function f might be undefined outside the feasible region F. Another advantage of FSQP methods is that the objective function f can be used as a merit function to avoid the use of a penalty function. However, FSQP algorithms still require solving QP subproblems at each iteration, which is computationally expensive. In [23] , Panier, Tits, and Herskovits proposed a feasible QP-free algorithm in which, at every iteration, only three systems of linear equations need to be solved. Specifically, the iterative process of the QP-free algorithm is as follows. Let (x k , λ k ) be the current iterate. To guarantee the feasibility of the next iterate, they first solve two systems of linear equations of the form
by choosing a different vector c, where H k ∈ R n×n is positive definite, µ k ∈ R m , c ∈ R m , and diag(µ k ) denotes the m × m diagonal matrix whose ith diagonal element is µ k i . Then they further "bend" the primal search direction by solving a least squares subproblem to avoid the Maratos effect. It has been shown in [23] that under appropriate conditions, this QP-free method possesses global convergence as well as a locally two-step superlinear convergence rate. However, the QP-free algorithm proposed in [23] may have instability problems. The linear system (1.4) may become very ill-conditioned if some multiplier µ i corresponding to a nearly active constraint g i becomes very small. In addition, in the global convergence theorem, there is a restrictive condition which requires that the number of stationary points is finite. The idea of this QP-free algorithm has been further used by Urban, Tits, and Lawrence [34] to develop a primal-dual logarithmic barrier interior-point method; see also [1] . Under similar conditions, the method possesses global and fast local convergence properties.
Recently, by means of the Fischer-Burmeister function, Qi and Qi [26] presented a new feasible QP-free algorithm for solving problem (P). At each iteration, the subproblem of the new QP-free method consists of three systems of linear equations of the form
where c is a suitable vector and for each i ∈ I
To avoid the Maratos effect, they also solve a least squares subproblem. Their algorithm shares some advantages of the method in [23] . Moreover, the matrix in (1.5) is nonsingular even if the strict complementarity does not hold. The method achieves global convergence without requiring the isolatedness of the stationary points. The local one-step superlinear convergence rate of the method has also been established. In this paper, we propose a feasible sequential linear equation (FSLE) algorithm for solving problem (P). At each step, we first solve three reduced systems of linear equations with the following form:
where A k ⊂ I is called a working set which is an estimate of the active set I 0 (x k ). The calculation of the working set depends on some multiplier function which is the solution of a system of linear equations. If x k is sufficiently close to a KKT point x * , then A k is an identification of the active set I 0 (x * ). The working set and the identification of the active set have been studied by some authors [9, 10, 12, 13, 31, 32] . They are also very important in our algorithm. It is clear that the dimension of system (1.6) is no more than the dimension of system (1.5). Moreover, as we shall show in section 4 (see Lemma 4.1), under appropriate conditions we have A k = I 0 (x * ) for all k sufficiently large. This means that after finitely many iterations, the inactive constraints at x * will be neglected. Like other existing feasible QP-free methods, the method proposed in this paper also generates a sequence of iterates that are interior points in the feasible region.
However, feasible QP-free methods are different from interior-point methods. An interior-point method follows a central path, while a feasible QP-free method does not.
In order to achieve a superlinear convergence rate, we solve another system of linear equations. This system is equivalent to a least squares problem. Unlike algorithms proposed in [23, 26] , the coefficient matrix of the last linear system is the same as the previous reduced ones. Furthermore, our algorithm provides a special technique to update the working set and makes it possible to remove multiple inactive constraints in one iteration. This technique for updating the working set has also been used recently in [32] .
The main advantage of the proposed algorithm lies in that it has the potential of saving computational cost. Moreover, it reserves all the advantages of algorithms proposed in [23, 26] .
Interesting features of the proposed algorithm include the following:
• All iterates are feasible and the sequence of objective functions is decreasing.
• At each iteration, we need to solve only one m × m system of linear equations and four reduced systems of linear equations with a common coefficient matrix.
• Under appropriate conditions, the generated direction sequences are uniformly bounded.
• The iterative matrices are nonsingular without the requirement of strict complementarity.
• Every accumulation point of the sequence generated by the proposed algorithm is a KKT point of problem (P) without assuming that the stationary points are isolated.
• Locally two-step superlinear or Q-superlinear convergence rate is achieved. Recently, Facchinei and Lazzari [11] presented a local feasible QP-free algorithm for solving problem (P) with an SC 1 objective function. Their algorithm possesses some favorable properties, such as fast local convergence and feasibility of all iterates. In addition, at each iteration, only systems of linear equations need to be solved. Their algorithm produces a sequence {x k } according to the following formula:
The local structure of our algorithm is similar to theirs. In some sense, our algorithm can be regarded as a globalization of their algorithm. However, compared with their algorithm, we used quasi-Newton algorithms. Moreover, the computation of the directions d k andd k is different from that in [11] . The paper is organized as follows. In the next section we introduce a multiplier function to define the working set. We then describe the algorithm and show that it is well defined. In section 3, we establish a global convergence theorem for the algorithm. In section 4, we prove that under appropriate conditions the sequence {x k } generated by the proposed algorithm is locally two-step superlinearly or Qsuperlinearly convergent. We report some preliminary numerical results in section 5. In the last section, we give some remarks to conclude the paper.
A few words for the notation. The symbol · always stands for the Euclidean vector norm or its associated matrix norm. Given h : R n → R m and a subset A of I, we denote by h A (x) the subvector of h(x) with components h i (x), i ∈ A, and by ∇h A (x) the transpose of the Jacobian of h A (x). We use e ∈ R m to denote the vector of all ones, and E ∈ R m×m is the unit matrix.
Algorithm.
In this section we first define the working set based on a multiplier function; then we present an FSLE algorithm for solving problem (P) and show that it is well defined.
The following proposition comes from [14] and [19] . 
where
For x ∈ F, we now make the following "guess" for the active set I 0 (x):
where is a nonnegative parameter and ρ(x, λ) := Φ(x, λ) with
It is obvious that (x * , λ * ) is a KKT pair of problem (P) if and only if Φ(x * , λ * ) = 0 or ρ(x * , λ * ) = 0. Facchinei, Fischer, and Kanzow [9] showed that if the second order sufficient condition and the Mangasarian-Fromovotz constraint qualification hold, then for any > 0, when x is sufficiently close to x * , the working set A(x; ) is an exact identification of I 0 (x * ). It is not difficult to see from Assumption A1 and Proposition 2.1(ii) that ρ(x, λ(x)) is bounded on F. This property will enable us to keep the parameter fixed after a finite number of iterations in our algorithm. Details will be given subsequently. Let
where H is an n × n positive definite matrix and A is a subset of I. We now state the steps of our algorithm for solving problem (P). Algorithm 2.1.
, and σ ∈ (0, 1).
Data. x 1 , a strictly feasible point in F; H 1 ∈ R n×n , a symmetric positive definite matrix; and 0 > 0, an initial parameter. Set k := 1.
Step
is not of full rank, then set := σ and go to Step 2.
Step 3.
Compute a correctiond k by solving the system of linear equations in
and
Step 7. Set 
Remarks.
(i) It follows from Assumption A2 that there exists some δ 0 > 0 such that ∇g I(x;δ) (x) is of full rank, where I(x; δ) := {i ∈ I : g i (x) ≥ −δ} and 0 ≤ δ ≤ δ 0 . By the continuity of λ(x) and Assumption A1, there exists some¯ 0 > 0 such that the inequality ρ(x, λ(x)) ≤ δ 0 holds for all ≤¯ 0 and x ∈ F, and hence A(x; ) ⊆ I(x; δ 0 ). This implies that ∇g A(x; ) (x) is of full rank. Therefore, for symmetric positive definite matrix H ∈ R n×n , the matrix V (x, H; A(x; )) is nonsingular. Consequently, V k is nonsingular for each k. This shows that (
On the other hand, the above analysis also indicates that at Step 2 of Algorithm 2.1 the parameter is reduced only finitely many times. In other words, k will remain fixed after finitely many iterations. Without loss of generality, we assume that k =˜ for all k.
(ii) In order to guarantee the feasibility of all iterates and the decrease of the objective function at each iteration, we solve three linear systems with the same coefficient matrix but different right vectors. This technique is similar to that in [26] . Notice that the choice of ϕ k at Step 4(ii) ensures that x k is a trivial KKT point of problem (P) whenever
2). (iii) The role of
Step 5 is to avoid the Maratos effect. It is not difficult to see that d k is also the unique solution of the least squares problem in d,
An important difference between our algorithm and those in [23, 26] lies in the fact that the coefficient matrix in (2.5) is the same as that in Step 4. Hence, our algorithm needs fewer computational efforts. If H k is taken to be the unit matrix for every k, A k = I 0 (x * ), and τ = 2, then problem (2.8) reduces to the subproblem of computing the correction directiond k in [11] .
is the unique solution of the following system of linear equations:
We now analyze the updating technique for the working set. For i ∈ A k , we obtain from (2.5) and (2.9)
because g i becomes strongly negative now. Thus, it is reasonable to exclude these i from A k+1 . This technique was also used by Spellucci [32] .
For the sake of convenience, we let for each k
To analyze the well-definedness and convergence of the above algorithm, we make the following hypothesis on the choice of matrix H k .
Assumption A3. There exist positive constants C 1 and C 2 such that, for all k and d ∈ R n ,
It is not difficult to see from the discussion of Remark (i) that every limit of the sequence {∇g A k (x k )} is also of full rank. Therefore, Assumption A3 shows that every limit of the sequence {V k } is nonsingular, which implies that { V
By
Step 4 of the algorithm, it is not difficult to deduce the following relations:
(2.10)
Lemma 2.2. If the algorithm stops at
By the construction of ϕ k , we have z k0 A k = 0, and hence by (2.10) z k1 A k = 0. The assertion then follows from the first equation of (2.11).
The above lemma shows that if the algorithm stops at Step 4(ii), then x k is an unconstrained stationary point of f . Since we always have x k ∈ F, this means that x k is actually a KKT point of problem (P). In what follows, we assume that the algorithm never stops at Step 4(ii). Therefore, the algorithm generates an infinite sequence {x
This establishes (i). From (2.10), we have
where the last inequality holds because by the definition of ϕ k we have z k0 A k , ϕ k ≥ 0. This establishes (ii). We now turn to verify (iii).
It follows from (2.10) and the definition of φ k that 
This establishes (iii
Proof. Assumption A1 and Lemma 3.1 imply that {φ k } is bounded. It follows from Step 4 of Algorithm 2.1 that
which shows that the assertion holds with κ :=M sup{φ k }. The following proposition gives a sufficient condition for the global convergence of Algorithm 2. 
It is also obvious that g(x * ) ≤ 0. Thus, x * is a KKT point of problem (P) and z * is its associated multiplier vector (i.e., z * = λ * ). 
is not a KKT pair of problem (P). We first prove that there must be a subset K 0 of K such that (3.1) holds. Otherwise, there exist γ > 0 and d > 0 such that
By the definition of φ k , Lemma 3.1, and (3.3), it follows that there existsφ > 0 such that
In a way similar to the proof of Lemma 3.9 in [23] , we deduce
where C 1 and d are specified by Assumption A3 and (3.3), respectively. We also have for each i ∈ I 
Hence, by (2.9), (3.3), (3.5) , and the definition of ϕ k , we have, for i ∈ A k ,
On the other hand,
, and hence by (3.5), we get
and {d k } is bounded, it follows from (3.6) and (3.7) that for all i ∈ I there existst i > 0, independent of k, such that, for all t ∈ [0,t i ] and k ∈ K sufficiently large,
Moreover, (3.4) implies that there existst f > 0, independent of k, such that, for all t ∈ [0,t f ] and k ∈ K sufficiently large,
The line search rules (2.6) and (2.7) show that t k ≥ βt for all k ∈ K sufficiently large, and hence by Lemma 2.3, (3.3), and (3.8) we deduce
Since {f (x k )} is monotonically decreasing and bounded below, it converges. Taking limits in (3.9) as k → ∞ with k ∈ K yields a contradiction. The contradiction shows that (3.1) holds for some K 0 ⊆ K. It then follows from Proposition 3.3 that (x * , λ * ) is a KKT pair of problem (P). The proof is complete. 
Superlinear convergence.
The above lemma indicates that the active constraints can be accurately identified close to a KKT point even if the strict complementarity condition does not hold at that point. To prove that the whole sequence {x k } converges to x * , we cite another useful result from Proposition 7 in [16] . The original version of this result is due to Moré and Sorensen [20] , which is slightly different from this version. [30] ). Let {x k } K be a subsequence converging to x * . It is clear from Lemma 4.1 that A k = I 0 holds for k ∈ K sufficiently large. We first prove that there must exist an infinite subset K ⊆ K such that Without loss of generality, by Lemma 3.1 we assume that
Furthermore, we assume that {H k } K → H * . Taking limit in both sides of (2.2) as k → ∞ with k ∈ K, we deduce that (d * 0 , z * 0 I0 ) solves the following system of linear equations:
where V * := V (x * , H * ; I 0 ) is nonsingular. On the other hand, it is easy to see from the KKT system (1.1) that (0, λ * I0 ) is the solution of system (4.3). So, we have z * 0
It then follows from the definition of ϕ
) also satisfies (4.3), and hence d * 1 = 0, which contradicts (4.2). This contradiction shows that (4.1) holds for some infinite subset K ⊆ K. Therefore, we get from (4.1) ) is the unique solution of the following system of linear equations:
This means that d k1 produced by (2.3) can be regarded as a quasi-Newton direction for the equality constrained optimization problem
It is interesting to note that the local algorithm proposed by Facchinei and Lazzari [11] generates a direction d k which is a Newton direction of (4.5). In other words, d
k generated by the algorithm in [11] is the solution of (4.4) with
Our method is slightly different from the method in [11] in that d k in our method is only an approximate solution of (4.4) because we have
with ν > 2 by Lemma 3.2. We are going to prove the superlinear convergence of the proposed method. It is well known that the Dennis and Moré condition [7] is necessary and sufficient for superlinear convergence of a quasi-Newton method for solving nonlinear equations or unconstrained optimization problems. Boggs, Tolle, and Wang [3] extended this result to the quasi-Newton method for solving equality constrained optimization problems (see also [33] ). We will extend this result to our algorithm. Assumption A6 . The sequence of matrices {H k } satisfies
We will show that Assumption A6 is a sufficient condition for our algorithm to be two-step superlinearly convergent. To this end, we first prove two lemmas.
Lemma 4.5. When k is sufficiently large, the direction d k can be decomposed into
Proof. It follows from (2.9) and Corollary 4.4(iii) that for k sufficiently large
This implies that
Thus, we have
Lemma 4.6. When k is sufficiently large, the directiond k is determined by solving system (2.5), and it satisfies
Proof. It follows from (2.5) and Corollary 4.4 that when k is sufficiently large the directiond k is first computed by solving the following system of linear equations:
where the second equality follows from (2.9) and Corollary 4.4(iii), and the last equality follows from Lemma 3.2, respectively. The assertion then follows from (4.6) and the fact that V
−1 k
≤M for all k. We are now in a position to prove that a unit step is eventually accepted by Algorithm 2.1.
Proposition 4.7. Let Assumptions A1-A5 and A6 hold. Then when k is sufficiently large the step t k = 1 is accepted.
Proof. By the line search rules (2.6) and (2.7), we need only to show that for k sufficiently large the following two conditions hold:
(i) The sufficient decrease condition (2.6) on f holds for t = 1.
(ii) The strict feasibility condition (2.7) on g holds for t = 1. It follows from Lemma 4.6 that
In view of (2.5), (2.9), and Corollary 4.4, for k sufficiently large
By (4.8) and Lemma 4.6, we have
Thus, from (4.7), (4.11), and (4.12) we deduce
Furthermore, for all i ∈ I 0 it follows from (4.10) that
Using (4.9), (4.14), and Lemma 3.2, we obtain
Clearly, Assumption A4 and Corollary 4.4 imply that, for each i ∈ I 0 and any k sufficiently large, z
In view of (4.15)-(4.16) and Assumption A6 , we obtain from (4.13) (4.17) where the second equality follows from Lemmas 4.5 and 3.2. We also have from (4.4) (4.18) where the last inequality is due to g I0 (x k ) < 0 and for k sufficiently large z k1 I0 > 0. This, together with Lemma 2.3(iii), Assumption A3, and Lemma 3.2, implies that
Due to µ < 1 2 , inequalities (4.17) and (4.19) show that for k sufficiently large t = 1 satisfies inequality (2.6), i.e.,
This proves (i). We now turn to prove (ii). It is clear from Corollary 4.4 and Lemma 4.6 that
For i ∈ I 0 , we have from (2.5) and Lemma 4.6 that for k sufficiently large
This, together with (4.20), shows (ii). This completes the proof. Proposition 4.7 shows that the use ofd k on the search direction makes the unit step accepted for all k sufficiently large. Consequently, the Maratos effect does not appear. The next theorem indicates that Algorithm 2.1 is two-step superlinearly convergent.
Theorem 4.8. Let Assumptions A1-A5 and A6 hold. Then the sequence {x k } generated by Algorithm 2.1 converges two-step superlinearly, i.e.,
The proof of the above theorem follows step by step, with minor modifications, that of Theorem 4.6 in [23] . The details are omitted.
Furthermore, in the following, we show the Q-superlinear convergence of Algorithm 2.1 if Assumption A6 is replaced by a stronger assumption.
Assumption A6. The sequence of matrices {H k } satisfies
Theorem 4.9. Let Assumptions A1-A6 hold. Then the sequence {x k } generated by Algorithm 2.1 converges Q-superlinearly, i.e.,
If, in addition, supposing that ∇ 2 f and ∇ 2 g i , for all i ∈ I, are Lipschitz continuous and
, then the convergence rate is Q-quadratic, i.e.,
Proof. In view of Proposition 4.7 and Lemmas 3.2 and 4.6, we have for k sufficiently large
k1 can be viewed as a quasi-Newton direction for the equality constrained optimization problem (4.5). It follows from Lemma 3.2 that
Combining this expression and the results in [33] , we have 
for k sufficiently large, we get from Theorem 3.1 in [12] that
This, together with (4.21) and (4.23), yields
which shows that the convergence rate is Q-quadratic.
Numerical experiments.
In this section we report the numerical results on a test set that includes some of Hock and Schittkowski's problems [15] as well as several other large-scale real-world problems from the CUTE [4] and the COPS [5] collections. The algorithm was implemented by a Matlab code. For each test problem, we chose H 1 = E as the initial guess of the Lagrangian Hessian. At each step, the matrix H k was updated by the damped BFGS formula from Powell [24] as in [17, 26] . Specifically, we set
We set the parameters as follows:
5, ϑ = 0.5, σ = 0.1, and 0 = 3.0.
The algorithm stops if one of the following termination criteria is satisfied:
The first and second criteria state the KKT conditions for problem (P). At
Step 2 of the algorithm Φ(x k , λ(x k )) has to be computed so as to estimate the working set and to update the parameter . Hence the first criterion is used here. Moreover, Lemma 2.2 implies that x k is only a trivial KKT point of problem (P) if d k1 = 0. Hence in our implementation the second or third criterion is used at Step 4(ii) as the termination criterion.
The check of full rankness in Step 2 is done by using the Matlab command "rank."
We first tested some problems taken from [15] . For these test problems, we used the initial point given in [15] if it was strictly feasible. For some problems whose initial points given in [15] were not strictly feasible, we chose other initial points which were strictly feasible. These initial points are listed in Table 1 . The computational results are shown in Table 2 , where the columns have the following meanings: Table 2 Numerical results on the HS problems.
Table 3
Starting points for problems in Tables 4 and 5 generally larger than those reported in [17] for a feasible SQP method. This is understandable because the subproblems of Algorithm 2.1 are low dimensional, which use only partial information of the problems. The number of constraint function evaluations here is competitive with that of a feasible SQP method. On the other Iteration  1  120  123  131  134  135  140  143  144  147  Working set  64  62  64  62  60  58  56  55  56  55   Iteration  148  149  150  154  156  158  161  162  163  Working set  53  39  36  35  34  33  32  31  29 hand, Tables 4 and 5 also show that the cardinality of the final working set "Aset" is generally much smaller than the number of constraints. This means that the subproblems of Algorithm 2.1 are generally much smaller than that of the full dimensional feasible SQP methods. Moreover, as the number of constraints in problem (P) increases, this benefit becomes extremely apparent. This shows the potential advantage of our algorithm when applied to solving problems with large numbers of constraints. Table 6 positively supports this possibility. Table 6 lists the numbers of indices in the working set corresponding to iterations when Algorithm 2.1 is applied to solving problem "Obstclae-10." The results show that as iteration increases, the number of corresponding indices in the working set exhibits the decreasing tendency.
Conclusion.
In this paper an FSLE algorithm for inequality constrained optimization is proposed. The proposed algorithm is based on an efficient identification technique of the active constraints and has some nice properties. We have proved that every accumulation point of the sequence generated by the proposed algorithm is a KKT point of problem (P) without requiring the isolatedness of the stationary points. We have also established locally two-step superlinear or Q-superlinear or Q-quadratic convergence for the proposed algorithm under mild assumptions. The preliminary numerical experiments show that the proposed method is effective for the test problems. However, to achieve superlinear convergence of the algorithm we still need the strict complementarity condition. Recently, Facchinei, Lucidi, and Palagi [13] proposed a globally and superlinearly convergent truncated Newton method for solving the box constrained optimization. In particular, they established superlinear convergence without requiring the strict complementarity condition. How to remove this condition for the general constrained optimization is an important topic for further research.
